that some semiconductor materials (e.g., InSb) have quite small reflection coefficients.
In an alternative approach, Mauer. et al. 9 have used noncontact laser generated ultrasound to measure the TOF of signals transmitted through a cylindrical solid-liquid interface during the controlled solidification of polycrystalline aluminum. Considerable a priori information about the interface was available and thi• could be used to construct an interface model (with a small number of unknown coefficients). An initial guess of these parameters was made and TOF values predicted for (refracted) rays propagating be- tween the known source and receiver points. A nonlinear least-squares method then led to model coefficients that gave the best TOF fit, and a remarkably successful recovery of the interface shape from a very limited TOF projection data set (only ten ray paths). When a priori information has been less abundant, ultrasonic tomographic techniques using convolution backprojection algorithms have still successfully recovered velocity distributions from laser ultrasonic TOF projection data.
•5'•6 Regardless of which reconstruction method is used, precise knowledge of the ray paths is usually necessary because of the sometimes strong effects of ray bending upon the quality of interface reconstructions.
•6-•8
The prediction of ray paths and the calculation of TOF values for the interface models used in the aluminum case 9 were quite simple because the liquid and the solid were both reasonably isotropic. Thus only Snell's law and the wave velocities of the (isotropic) solid and liquid were needed to determine the refraction angle for any ray propagating across an interface. An application of Fermat's least time principle then directly led to the refracted ray paths between defined source and receiver points. Good reconstructions were obtained for the aluminum case because the rays, in the main, 
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To obtain the refraction angle of a ray path refracted by an anisotropic solid-liquid interface, a combination of Snell's law, the Christoffel equation, and the group velocity are used. 19-26 A further complication arises because acoustic energy, which propagates at the group velocity, can only be transmitted across an interface when the refraction angle (as defined by the group velocity) is less than rr/2. This could sometimes lead to an incomplete projection data set with potentially deleterious consequences for some interface reconstruction techniques.
The solid-liquid interface during the vertical Bridgman growth of a cylindrical crystal will, in general, have a threedimensional shape. It might be convex (the case illustrated in Fig. 1) , concave, or (ideally) planar. Three-dimensional wave propagation through these curved interfaces will be quite complex. Here, we shall concentrate upon analyzing two 2-D wave propagation problems. The first corresponds to the axisymmetric analog of the situation shown in Fig. 1 and (depending upon the interface convexity) corresponds to the transverse cross section of either a single-crystal cylinder containing a concentric liquid core or a liquid cylinder containing a solid single-crystal core. For this case both the source and receiver are considered to be arrayed around the periphery of the cylinder, as shown in Fig. 2(a) . The second consists of a diametral plane containing the interface. For this case the solid-liquid interface can be represented as a segment of a spherical surface whose center is located on the cylinder axis, Fig. 2(b) . For the latter case, the intersection of the interface with the diametral plane is part of a circle on the diametral plane. For this geometry, the normal to the liquidsolid interface is also contained in the same diametral plane. When an ultrasonic ray is incident upon such an interface, it will generate both reflected and refracted rays which all propagate on the diametral plane defined by the incident propagation vector and the normal to the interface at the intersection of the incident ray with the interface. •9'2ø'26 Thus when ultrasonic sources are located on the diametral plane rays propagated toward the interface remain on the same diametral plane. Analogous problems of the type defined above have been encountered in the analysis of cylindrical and spherical acoustic lenses. 27-3ø However, none of them have addressed the anisotropic problems analyzed here even though many of these lenses use crystalline materials (e.g., sapphire).
Since the detection of the first arriving signal is likely to be the most reliable measurement to make during such a sensing approach, 9'•6'31 this study concentrates upon only the (fastest) quasilongitudinal wave mode. The methodology can be extended to other modes if necessary. The investigation seeks to provide a detailed insight into the interaction of quasilongitudinal waves with curved liquid-anisotropic crystal interfaces, and allow the effects of the interface curvature, crystal orientation, and the ultrasonic velocity upon ray paths, wavefronts, and TOFs to be predicted and understood.
The study indicates that the magnitude and direction of the group velocity, the solid:liquid velocity ratio, and the curvature of the interface together control the ray bending behavior. Thus ray paths are bent most severely on the crystal planes with the greatest group velocity and largest inter- identified from TOF data, and the convexity of a convex interface directly determined from either the TOF data of doubly refracted rays or from the TOF discontinuity of signals that directly travel to the receiver in only the homogeneous liquid or solid adjacent to the interface. The convexity of concave interfaces can be obtained from interface diffracted ray paths when the anisotropy is weak. But for crystal orientations with strong anisotropy, additional measurements may be necessary with the source and receiver axially displaced.
I. GROUP VELOCITY SURFACES
The time r for an ultrasonic signal to travel between a source and a receiver depends upon the total length of the ray path, L, connecting source and receiver points, and the magnitude of the group velocity, v g, sampled by the ray path:
lJg(X,y)
The source and receiver positions are usually known a priori, but the group velocity depends on the crystal orientation, and the ray path depends on the group velocity and the position/shape of the interface. Fig. 3(a)-(c) shows the calculated group velocity surfaces for the three bulk modes on the {001}, {110}, and {111} planes of Ge, respectively. Use will be made of only the quasilongitudinal mode here. On {001} planes the quasilongitudinal group velocity is greatest in {110} directions and the smallest in (100) directions. On {110} planes the velocity is the greatest in {111} directions and the smallest in {001} directions; no anisotropy is presented on the { 111} plane for the quasilongitudinal mode. Because of this velocity anisotropy, ray bending at interfaces will be shown below to be significantly affected by the crystal orientation. 
II. RAY PATH ANALYSIS

A. Transverse cross-sectional plane
The transverse cross-sectional plane of a single-crystal cylinder containing a concentric liquid core or a liquid cylinder containing a concentric solid single-crystal core is shown in Fig. 2(a) . We begin by assuming that an infinitesimally wide, omnidirectional ultrasonic line source and receiver are positioned on the boundary of a cylindrical body as shown in Fig. 4 . When an ultrasonic pulse is generated by the source, it is assumed to propagate in all directions in the cross-sectional plane. One of these directions will result in a ray whose path (shown boldly in Fig. 4 ) reaches the receiver point after undergoing refraction at both of the curved solidliquid/liquid-solid interfaces. Knowledge of this ray path is a necessary first step for understanding ultrasonic propagation through a solid-liquid interface, for predicting a ray's TOF, and, ultimately, for reconstructing the interface from TOF projections.
If the coordinates of the source (Xs,Ys) and receiver (Xr,Yr) points on the cylinder's outer boundary are prescribed, then determining the ray path between these two points constitutes a boundary-value problem. The solutions of boundary-value problems like this are usually preceded by solutions of initial value problems 32 in which initial ray angles at the source point are prescribed and the ray paths are obtained by solving for the refraction angles at the interface. After obtaining the ray paths for an arbitrary set of initial ray angles emanating from the source point, the ray path between the prescribed source/receiver points can be obtained using, for example, the shooting method. 33 In this approach, an initial ray direction is first arbitrarily chosen, and the distance between the receiver point and the intersection of the ray path with the outer boundary calculated. The procedure is then repeated using a slightly different initial ray angle until the distance is smaller than a prescribed tolerance 6. Here 6=2.5X10-3R was chosen, where R is the outer cylinder radius. The shooting method is a straightforward one and has served our purpose well. A comprehensive discussion of other methods for solving this class of boundary-value problems is given in Ref. 32 . In the remainder of this section we study the initial value problem by specifying the source point and the initial ray angle. In Sec. IV the solution for the boundary-value problem is used to obtain simulated TOF projection data for prescribed source/receiver points. 
then rays propagate along straight paths in the solid region when 101> 0c. When 101< 0c, the transmitted ray path intersects, and is refracted by, the interface. The incident ray angle to the interface is
where q•l-tan-1 1 sin 0 )
R-1 cos 0 and 1 is the distance between the source point and the point where the ray first intersects the interface:
1-R cos O-x/(R cos O)2-(R2-r2). (8)
When the ray reaches the solid-liquid interface, ray refraction occurs, and the transmitted ray propagates at an angle ½2 with respect to the interface normal. Since the wave velocity in the liquid is known (and assumed to be constant), the angle ½2 for the refracted ray in the liquid can be simply obtained using Snell's law: According to Huygens' principle, ' each particle on an interface that is activated by a wavefront can be thought of as the source of a secondary disturbance. The secondary source orientation. Note that ray angles 0 for several reflected rays in Fig. 6(a)-(d) are actually less than the critical angle Oc; they are being reflected back by the interface because ½2 is larger than z'/2. This leads to the possibility of an incomplete TOF projection data set. Also note that because the velocity in the solid is larger than that in the liquid, refracted rays travel away from the centerline x-0, and the solid core therefore acts like a divergent ultrasonic lens.
Due to the solid core's divergent effect, refracted rays and rays with straight paths may both reach the same boundary point. However, these two kinds of rays would be experimentally distinguishable because the refracted rays have a longer travel time and would have suffered energy loss due to reflection and mode conversion each time they crossed an interface. The divergent effect of the solid core is seen to depend upon the solid core radius; the smaller the solid core radius, the more severe the divergent effects. The severe refraction must be taken into account during reconstruction of the interface's location/shape from TOF projection data.
B. Diametral plane
We arrange for the diametral cross-sectional plane on which ultrasonic rays propagate to coincide with the x-z plane in a Cartesian coordinate system, Fig. 2(b) 
X0x+[z0+(nc-h)][z+(nc-h)]=n•,
where the'coordinates for the tangential point (x0,z 0) to the interface are. given by after refraction. In the latter case the refracted ray will never reach the receiver located at X r = R and so we need only to study the case for which Zs < z'.
The first refraction angle ½2 at (x 1 ,z l) is calculated next. Since the incident ray propagates in the liquid, the direction-dependent quasilongitudinal velocity and the refraction angle ½2 of the refracted ray in the solid are both unknown. The refraction angle ½2 and the group velocity in the direction of ½2 are obtained in a similar manner as described for the transverse cross-sectional plane.
After the first refraction has occurred, the equation for the refracted ray path in the solid is Z =-cot(q•l + ip2)(X--Xl)q-Zl,
where ( Fig. 8(b) . The ray paths are qualitatively similar to those on the (010) plane. However, the degree of ray bending and the intersections of the ray paths with the line x-R are different due to the difference in the group velocities on the two planes.
The case of a source located in the solid at (-R,-h/2) is shown in Fig. 8(c) and (d) . Now ray paths are either straight (in the solid) or are refracted only once by the interface. In the solid where no ray refraction occurs, the ray Fig. 8(a)-(d) .
The wavefronts in the liquid are circular when the source is located in the liquid, since the sound velocity in the liquid is isotropic. In the solid the formation of the wavefroms is closely related to the ray paths and the group velocity in the direction of ray paths. For a prescribed travel time, the wavefronts travel furthest in the direction where the group velocity is greatest. Wavefronts for concave interfaces on the (010) and (110) planes are shown in Fig. 11 (a)-(d) . When the source is in the solid, Fig. 11(a) and ( The receiver angle a (rather than the initial ray direction angle 0) is the angle that would be measured experimentally.
Notice that only for straight ray paths does a= 0. In order to determine the TOF for prescribed source/ receiver positions, the ray path is first obtained using the 
